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A  Study  of  Axial-Flow  Turbine 
Efficiency  Characteristics  in 
Terms  of  Velocity  Diagram  Parameters 


The  uercdynainle  design  of  axlal-flt'..  tur- 
bir.cs,  in  general,  can  be  dlvldea  Into  throe 
phases.  The  first  phase  Is  the  selection  of  the 
over-al]  roquirenents  of  the  turbine  and  includes 
fluid  used,  temperature  and  pressure  levels,  flu.-: 
rate,  power  level,  rotative  speed,  and  perhaps  a 
required  e-fflclency  level.  Tlie  second  phase  Is 
the  deternlnatlon  of  the  turbine  geometry  that 
best  meets  those  requirements.  The  results  cf 
tills  phase  wculd  be  the  deter.T.ination  cf  the 
number  of  turolr.e  stages,  turbine  and  blading 
sizing,  blade  turning,  and  rate  of  expansion 
through  the  turbines.  The  general  method  cf  exe¬ 
cuting  the  second  phase  is  through  the  calcula¬ 
tion  of  the  velocity  dlagra.ms  in  the  free- stream 
region  before  and  after  each  blade  rew.  The 
third  phase  ir.  then  the  evolution  of  the  blade 
shapes  that  will  meet  the  vole c ity-oiagram  re¬ 
quirements  and  should  involve  the  use  cf  three- 
dlmonslonai  design  procedures  to  obtain  th"^  sur¬ 
face  velocity  distributions  (_1 )  ^  ai.d  the  exercls- 
Irig  of  diffusion  controls  upon  the.se  distribu¬ 
tion.?  {2)  , 

The  expected  efficiency  of  the  turbine  that 
is  evolved  to  meet  the  requirements  set  i  p  in  the 
i'irsl  phase  depei.ds  upon  both  tlio  over- 'ill  geem- 
etry  selected  in  ptiase  two  and  the  detailed  blad¬ 
ing  design  In  phase  three.  Tiie  levc.  of  efficleii' 
cy  expected  Is  a  function  of  the  secend  phase 
thrcugii  the  aerodynamic  severity  cf  tlie  selected 
velocity  dlagrait.  The  additional  effect  of  the 
tl.lrd  pliasc  on  efficiency  occur.s  as  a  result  of 
Its  sensitivity  to  such  blade  and  mechanical  de- 
slg'i  features  as  surface  loading,  tral ling-edge 
blockages,  and  tip  and  running  clearances. 

This  pa)  or  j. resents  a  mctliod  of  esllinatlng 
the  level  of  fficiency  ;.b  a  fluictlon  of  tlie 
selected  velocity  diagrams  tiiat  are  needed  in 
cor.ductlfig  piiase  two.  Tlie  basic  para.netcr  used 
is  a  s])ced-work  parameter  i‘  ,  de.flned  as  the 
ratio  of  the  mean- section  blade  si'Ccd  squared  to 
the  specific  work  output.  This  paraiii.  ter  is 
eli.illar  tc  che  fatilllar  "l.irsen's  Characteristic 
Nunber''  di'scrlbed  in  (.5).  Other  factors  affect- 

^  Underlined  irumbers  in  parentheses  deslgnato 
Hefei'enccs  at  the  end  ef  the'  paper. 


ir.g  the  efflcie.ecy  level  and  included  in  the  dt- 
vclcpr.cnt  are  the  number  cr  turbine  stages,  stator 
exit  angle,  RciTiolus  number,  and  turblno-exlt 
axial  component  of  velocity  head.  Included  in 
the  paper  will  be  the  develcpmont  cf  the  required 
equations,  application  of  the  equations  to  show 
the  effect  of  these  variables  cn  efficiency,  and 
finally  a  cemparisen  with  seme  aval.’.able  exiicrl- 
r.ental  results. 

NOKEilCLATUnE 

A  blade-loss  tern  defined  by  equation  (kla) 
B  =  stage  leavlng-loss  term  defined  by  equa¬ 
tion  (21b) 

C  =••  parameter  defined  by  equation  (24a) 

D  =  parameter  defined  by  equation  (24b) 
h  =  parameter  del’ined  by  equation  Hy] 
g  =  acccleratlcn  due  tc  gravity,  52.17  ft/ 
seo'^ 

h  =  specific  enthalpy,  Btu/lb 
J  =  incchanlcal  equivalent  cf  heat.,  7'Y5.2  ft- 
Ib/Btu 

K  =  constant  cf  proportionality,  equatloii 
(25) 

L  =  blade  klnetlc-cnergy  losses  defined  b,v 
equations  (19)  and  (20) 

I  =  blade  ho'lg'nt,  ft 
N  -  nuiid)cr  of  turbine  stages 
Ite  =  Reynolds  Jiumbcr  defined  by  equatlcn  (51) 
r  =  mean- sect  Ion  radius,  ft 
U  =  mcan-Eccticn  blade  speed,  fps 
V  -  absolute  gas  velocity,  fi)s 
W  =  relative  gas  velocity-,  fjis 
w  =  Weight- flow  rate,  Ib/sec 
a  =  rtator  angle  measured  from  axial  dlicc- 
tlcn,  deg 

(3-  rotor  angle  measured  firm  axial  dli-cc- 
tion,  deg 

'*(  =  adiabatic  efficiency  based  on  total  to 
total-jiressurc'  ratio 

=  adiub  tic  effi'  iency  bas-od  on  total  to 
statl  -fires:. lire  ”atio 
=  sf-eed-work  farameter,  U'/'gJ/d,' 

M  =  gas  viiicoslty,  lb/(  ft)  (  see) 
i'  =  tla'le-Jel  speed  I’-atlo 
p  =  gas  di  nsl’  y ,  )  c  f 


Fig.  ]  Typical  turbiiie-stage  velocity  dia¬ 
grams  showing  nomenclature  used 


X-0.25 


X  =  OoO 


X--I.OQ 


IMPULSE  ZERO  EXIT  WHIRL,  ZERO  EXIT  WHIRL 

impulse 


Fig.  2  Turbine  velocity-diagram  t)pes  used  as  a  function 
of  spf-jd-work  parameter, \ 


u  AV  . 

A)!'  =  - i. 

gJ 

AroLher  c/.pression  fer  X  can  be  obtained  as 


(^) 


Sub  sc  r  f-T  1 5 

a  =  .'Irat  staeo 
1  -  Intei'med' ate  stage 
Id  =  ideal 

J  =  denoting  Jet  ve'cclty  as  defined  by 
equation  (10) 

ro  -  rotcr 

s  =  b3.scd  on  total  to  static  conditions 
aerrss  stage  cr  turbine 
t  stator 

u  =  tar.geritial  component 
X  =  axial  com.pon'^nt 
0  =  station  upritream  of  stage 

1  =  station  between  stator  and  I'otor 

2  =  station  downstr’oam  of  stage 

Superscripts 

'  =  .absolute  total  state 
-  =  over-all 


DbVELOrKEfIT 


Spced-Worlt  rarametor 

As  pointed  out  in  the  Inti'oductlcn ,  the 
r.p.oed-uork  parameter  X  is  used  as  the  basic 
parariieter  in  relating  the  efflclencj  to  the  vo'l- 
ccity-Qlagrarr,  parameters.  For  a  stage  this  j'aram- 
eter  is  do  fined  as 


and  can  be  considered  as  the  I'atlo  of  the  energy 
associated  v/ltli  the  mean- sec  t  Ion  blade  speed  to 


A  = 

AV,, 


:3) 


Equation  (J)  shows  that  X.  j  s  a  moaFure  of  t,ne 
severity  of  the  stage  velocity  diagra-m  in  terns 
of  tne  relation  of  the  blade  speed  tc  change  in 
tar.gcr.tlal  nor.ent'um.  Fig.l  presents  a  typ.  .1 
set  ox  stagc'-veloelty  diag;'aj:'.s  showing  the  syr.bols 
and  static!',  nomenclature  used.  The  whirl  parameter 
AV,  can  bo  related  to  the  absolute  tangential 
vclccltlc!'  at  the  rotor  erjtranco  and  o-xlt  by  ttie 
following  equation: 


^Vu  =  -  V^,2 


(•.) 


Using  equation  (2)  in  (i)  a  different  way 
.'Iclds  a  tl'.ird  equation  fer  X  as 


A  = 


£j  Ah' 


AV,‘^ 


(5) 


This  oguatlon  Is  used  later  in  the  development. 

For  ;ixlal-flow  turbines  the  value  of  A  var¬ 
ies  iionially  from  0  to  l.LO,  As  the  inarametcr  is 
vailed  over  this  range,  the  associated  type  of 
velocity  dl.agrar.  also  cliangcs.  These  types  are 
illustrated  in  Fig, 2  vjI  are  velocity  diagrams  for 
lliree  values  of  A  ,  0.?';,  0,f;0,  and  1,00,  are 


sfiowii.  A  X  value  of  unity  results  In  AV^  =  U. 


Tfio  velocity  dlagraj:!  used  foi'  this  value  gener¬ 
ally  utilises  r>  'rctlcn  oi'  a  velocity  ir.crcase 
across  both  .stator  ana  I'oLoi'  with  xcro  exit  whirl. 
As  X  is  reduced,  soro  exit  whirl  is  n.alntaliied 
with,  however’,  the  re.-'.c t.ion  li.  the  rcto;’  deci’cas- 
Ing  ruatil  at  ^  =  O.b'O  impulse  eoridltlons  :ire 
readied.  Ln  this  paper  Imp  rise  condllfcna  are 
defined  to  occur  wneii 


''u,i  =  'V,; 


tlio  stage  specific  wr  i-K  output.  Sliice  the  stag'! 
specific  woi’k  uuti'UL  can  be  written  In  tenas  of 
velocity  dl.igram  quantities  a;, 


2 


and  ipi-roxlmatos  the  more  famfllar  connotatlcn  of 
Inimlsc-  as  .a  eeiistaiit  static  pr',  ssure  across  the 
k’l.ale  X’cw. 


References  such  as  (^)  have  shown  marked  In¬ 
creases  In  blade  loss  as  negative  reaction  is 
Imposed.  Therefore  a  limit  on  reaction  of  zero 
(impulse  conditions)  is  Imposed  on  every  blade 
row.  In  view  of  this  limitation,  at  values  of  X 
below  0.50  the  rotor  is  specified  to  operate  at 
impulse  with  a  subsequent  requirement  of  negative 
whirl  at  the  stage  exit.  Over  the  entire  range 
of  A  then  the  stage  tangential  velocities  (ra- 
tloed  to  the  total  change  in  whirl  AVu)  can  be 
written  as 

0  1  X  ^  0.50 
=  X  +  i 

AVu  2  (7a) 


.06  .08  .1 


OVERALL  SPEED  -  WORK  PARAMETER.  T 
Fig.  3  Graphical  relation  between  blade-jet  speed  ratio  and 
speed-work  parameter 


u,2  _  X  1 

0.50  <  Xli.oo 


■ft?' 


In  the  general  case  of  the  multistage  tur¬ 
bine,  it  is  assumed  that  the  mean- section  blade 
speed  U  is  the  same  for  all  stages  (constant 
mean-section  diameter) ,  and  each  stage  puts  out  an 
equal  amount  of  work.  Therefore  by  defining  A 
as  the  over-all  speed-work  parameter  of  the  tur¬ 
bine,  a  relation  with  A  can  be  obtained  as 


gj  Ah'  NgJ  Ah'  N 

Another  parameter  often  used  In  describing 
turbine  efficiency  is  the  blade- Jet  speed  ratio. 
This  parameter  “V  is  defined  as  the  ratio  of  the 
mean-section  blade  speed  to  the  Jet  velocity 
corresponding  to  the  ideal  expansion  from  inlet 
total  to  exit  static  conditions  across  the  tur¬ 
bine.  That  is 

V  =-l  (9 

vj  ^ 

where 

2 

Vi 

—  =  -ihid  s  (10 

2gJ 

A  relation  between  V  and  A  can  be  obtained  by 
use  of  equations  (B)  to  (10)  together  with  the 
equation  for  static  efficiency 


which  shows  the  two  parameters  related  by  the 
static  efficiency.  Therefore,  if  efficiency  is 
a  Amctlon  of  one  of  these  parameters,  it  must 
also  be  a  functlcn  of  the  other.  The  parameter 
A  is  used  herein  as  it  is  related  directly  to 
the  actual  velocity  diagram  whereas  v  is  not. 

The  relation  between  v  and  “  is  shown  graphical 
ly  in  Fig. 3. 

Relation  Between  Speed-Work  Parameter 
and  Efficiency 

Two  types  cf  stage  efficiency  will  be  used 
in  this  paper.  The  first,  total  efficiency  ^  , 
is  defined  as  the  ratio  of  the  actual  stage 
specific  work  output  divided  by  the  ideal  specif! 
work  output  corresponding  to  the  total  to  total- 
pressure  ratio  across  the  stage.  That  Is, 


The  seoond  type  Is  the  static  efficiency  ^ 
defined  the  same  as  the  total  efficiency  except 
that  the  Ideal  stage  specific  work  output  cor¬ 
responds  to  the  total  to  static-pressure  ratio 
across  the  stage.  In  equation  form: 

l)s  =  ■  ■  (l*^) 

^ld,s 

When  raultlstaglng  Is  considered  In  this  paper, 
an  over-all  static  efficiency  "h  ^  will  also  be 
usoQ.  The  relation  between  this  efficiency  and 
the  stage  values  can  be  obtained  considering  tnat 
the  stage  specific  work  outputs  are  the  sa.me . 
'fhus, 

■i  =  N^AIlL  (ir^) 

"^ld,S 


The  resultant  relation  Is 


Any  effect  of  reheat  within  the  turbine  Is  neglec¬ 
ted  in  order  that  the  equations  developed  are  In¬ 
dependent  of  enthalpy  level.  This  effect  Is  also 
relatively  small.  In  view  of  this  assumption 
^ld,s  ‘^An  be  equated  to  the  sum  of  those  occur- 
Ing  across  each  stage;  that  Is, 

Ahid.s  =  ^id,a  (N  -  2)  +  hh^d,  I  ,s 

(16) 

where  a  represents  the  first  stage ,  1  and  Inter¬ 
mediate  stage,  and  i  the  last  stage.  The  dif¬ 
ference  In  the  ideal  specific  work  among  these 
stages  occurs  because,  since .constant  work  per 
stage  Is  specified,  the  Intermediate  and  last 
stage  will  differ  from  the  first  in  terms  of  the 
stator  geometry  and  associated  loss,  and  then, 
of  course,  the  last  stage  Including  the  turbine 
exit  leaving  loss. 

Substituting  equation  (l6)  Into  (15)  and 
dividing  through  by  Ah'  yields 


“^s  = 


N 


'a  <1  (17) 

Consideration  of  the  relation  between  the 
speed-work  parameter  and  efficiency  will  be  made 
using  the  stage  efficiency  The  equation 

for  Is  the  same  except  for  the  deletion  of  the 
stage  exit  kinetic  energy  loss  term.  Neglecting 
reheat  effects  as  described  above,  the  Ideal 
stage  specific  work  output  can  be  written  as 

V2 

^ld,s  =  +  I'st  +  ^ro 


2 

2gJ 


(18) 


where 


2gJ 


=  leaving  loss 


”  kinetic  energy  loss  across  stator 

..2 


■'st 


ld,l 


2gJ  2gJ 
kinetic  energy  loss  across  rotor 


(19) 


=  ;ci,,2  _ 

2gJ 


2gJ 


(20) 


See  appendix  C  of  (^)  to  verify  equation  (l8). 

Substituting  equation  {l8)  Into  equation  (14) 
yields 


X  - 


Ah' 


Ah'  +  Lgt  +  + 


IL 

2gJ 


Dividing  through  by  AV^  and  using  equation  (5) 
yield 

A 


% 


^  +  "I  (A  +  D) 


where 


A  = 


2gJ(Lst  +  Ito) 


AV 


2 

u 


(21a) 


B 


(21b) 


To  obtain  ,  the  term  B  Is  not  used.  The  rela¬ 
tion  between  terms  A  and  B  and  the  diagram  param¬ 
eters  of  Interest  must  now  be  obtained. 


Consideration  of  Blade-Loss  Term  A 

The  term  A  represents  the  contribution  of 
the  blade  losses  to  the  stage  Inefficiency. 

These  losses  are  assumed  to  be  proportional  to 
the  following: 

(a)  Reynolds  number  to  the  -1/5  power. 

This  assumption  represents  the  normal  manner  In 
which  the  loss  Is  assumed  to  vary  with  Reynolds 
number  (_2)  . 

(b)  The  reciprocal  of  the  cotangent  cf  the 
stator-exlt  angle.  This  function,  described  In 
(_^)  ,  reflects  the  variation  in  the  ratio  of  flow 
area  to  surface  area. 

(c)  The  average  specific  kinetic  energy  of 
the  blade  rows  based  on  the  entering  and  leaving 
velocities.  This  assumption  Is  described  in  (_^) 
where  It  was  also  assumed  that  the  contribution 
of  the  rotor  kinetic  energy  level  to  the  loss  was 
twice  that  of  the  stator.  This  assumption  will 
be  used  in  the  subject  development  with  the  ad¬ 
ditional  assumption  that  for  an  Interstage  stater 
between  A  of  0  and  O.50  this  weighing  varies 
linearly  from  2  to  1  to  yield  stator  losses  more 
consistent  with  experiment.  Using  f( A )  to  de¬ 
note  this  weighing  function,  the  following  Is 
evident; 

Rotor: 

0  ^  A  <_1.00 
f(  A  )ro  =  2 

Stator  -  single  or  first  stage: 

0  <  A  <  1.00 
f(^)st  =  1 

Stator  -  Intermediate  stage: 

0  1  A  1  0.50 

f{  A  )st  =  2(1  -  A) 

0.50  <  A  ^1.00 

^’(^)st  =  l  J 

Fig. 4  presents  a  graphical  representation  of  this 
function. 

Using  the  assumptions  described  In  the  fore¬ 
going,  the  equation  for  Lgt  +  Lj-o  can  be  written 
as 

^st  +  ^ro 

[f(  ^Ut(V^  +  v2)  + 


=  JL 

2gJ  cot  a, 
f(  A)^„(w2  +  w2)] 


t 


>  (22) 


(21) 


X 


(23) 


and  therefore  using  equation  (21a)  the  equation 
ft)r  A  becomes 


A  -  K  f  (  X  )  atC  +  f  (  A  )  i-oDI 

cot  a  1  <-  J 


where 


C  = 


vl  +  vf 
W?  +  wi 

j. _ C 

Av2 

u 


(24) 


(24a) 


(24b) 


The  relation  between  the  parameters  C  and  D  and 
must  still  be  determined. 

Parameter  C.  To  obtain  the  stator  kinetic 
energy  parameter  C  In  terms  of  A  let  the  velo¬ 
cities  In  the  numerator  be  split  up  Into  their 
components,  Plg.l.  This  yields,  when  using  the 
stator-exlt  axial  component  of  velocity  as  repre¬ 
senting  the  average , 

.2  ..2  ..2 
c 


2Vx,l  + 


AV5 


or 


(1  +  2  cot^a  ■^) 


(Lui'j 


2  N  2 


-  STATOR 

-  ROTOR 


STAGE  SPEED-WORK  PARAMETER,  X 

Fig.  4  Variation  in  f(\  )  with  >  as  described 
in  equation  (22) 


Now 


and 


'^u.l  -  V^.l  -  U 


^u.2  =  V^.i  -  U  -  AV, 


(28) 

(29) 


Substituting  equations  (28)  and  (29)  Into 
equation  (2?)  an'*  using  the  definition  fc  r  X  In 
equation  (3)  yield 


(25) 

The  value  of  and  o/AVy  used  depends 

upon  the  type  diagram  and  therefore  the  level  of 
A.  .  Using  the  relations  of  equation  (7)  and 
assuming  In  the  case  of  the  Interstage  stator 
that  the  whirl  leaving  the  rotor  (V^^j)  Is  equal 
to  that  entering  the  Interstage  stator,  the  fol¬ 
lowing  equation  for  C  is  obtained; 


Single  or  first  stage; 

0  1  A  ^0.50 


C  =  (1  +  2  cot^a  J^)(  A  + 


0.50i  A  <_  1.00 
C  =  1  +  2  cot^a  ^ 
Intermediate  and  last  stage; 

0  i  A  1  0.50 


?(26) 


5  i  2  2 

0  =■  (1  +  2  cot^q  3^)  (  A  +  i)  +  (  A  -  .1) 

0.50  <  A  <1.00 

0  =  1  +  2  cot^a  . 

+  ,/ 

Parameter  D.  To  obtain  the  rotor  parameter 
D  In  terms  of  A  the  numerator  of  equation  (24b) 
Is  split  up  Into  velocity  components  as  dene  for 
C .  Thus , 


D 


^Vjl  ^  Wu,l  Wu.2 

AV2 


(27) 


D  =  2  cot 


u,l 


-  X 


Using  equation  (7)  then  yields 

0  1-  A  <  0.50 

D  *  2  cot^a  1  (  A  +  A 


) 

w  <• 

0.50<  A  S  1.00 

D  =  2  cot^a  ^  +  (1-  A)2  +  X 


[30) 


Thus  the  required  exprossl'  n  for  D  Is  obtained. 

Reynolds  Number.  In  [6)  it  Ij  shown  that, 
although  the  Reynolds  namber  based  on  mean  camber 
length  basically  affects  the  momentu,m  thickness, 
blade  height  Is  the  better  basis  because  of  a 
series  of  counter-balancing  effects  on  the  loss 
as  described  In  the  reference.  Therefore  in  this 
development  the  Reynolds  number  Re  will  be  based 
on  the  blade  height  and  In  addition  will  be  based 
on  the  velocity  and  density  level  leaving  the, 
stator; 


Re 


The  value  of  will  be  taken  tc  correspond  tc 
the  turblne-lnlet  total  conditions.  If  Vi  Is  ex¬ 
pressed  In  terms  cf  and  q  and  It  Is  assumed 
that  a  j  varies  within  sufficiently  close  limits 


5 


STAGE  SPEED-WORK  PARAMETER,  X 
Fig.  5  Turbine-stage  efficiency  as  a  function  of  speed- 
work  parameter 


that  the  angle  effect  Is  relatively  small,  then 

(PV^),J  {pVx),2vTrl 

Re  =  - ± —  _ i _ 

P*'  2  7r  r 


Since  2  T  r is  the  annulus  area,  the  follow¬ 
ing  simplified  definition  is  obtained  and  used  in 
this  paper: 


The  equation  in  this  form  cam  be  used  to  represent 
the  Reynolds  number  for  the  whole  turbine  regard¬ 
less  of  number  of  stages. 

Consideration  of  Stage  Exit 
Kinetic-Energy  Loss  Term  B 

The  term  B  represents  the  contribution  of 
the  stage  exit  kinetic-energy  to  the  turbine  loss 
when  the  efficiency  is  rated  based  on  total  to 
static-pressure  ratio.  Tills  tern  can  be  expres¬ 
sed  in  terms  of  A  by  first  splitting  the  numera¬ 
tor  into  its  velocity  components.  Equation  (21b) 
then  becomes 


B  =  E  cot2  Oil  (34) 

)  VaVu/ 

Introducing  then  the  relations  in  equation  (7), 
the  following  working  relations  are  obtained 

0<  ^  <0.50 

2  2 

B  =  E  cotScfi  {>.  +  1)  +  -  i’)  (35) 

0.50<  A  <  1.00 

B  =  E  cot2  cti 


Summary  of  Equations  Used 

A  review  of  the  equations  will  be  made  in 
functional  form  to  indicate  the  method  used  for 
computing  the  stage  and  over-all  efficiencies  as 
well  as  to  indicate  the  required  input  informa¬ 
tion: 
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relationships 

the  fol- 

lowing  are  needed  to  make  an  efficiency  calcula¬ 
tion: 


Re 


A  ,  cf  1  ,  E,  K,  N 


Since  w,  n  ,  and  r  are  used  only  to  obtain 
Re,  with  Re  used  in  the  efficiency  equations, 
then  Re  itself  will  be  considered  cn  the  input 
variable  in  the  analysis  results  section. 
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In  general,  the  stage  exit  axial  component  of 
velocity  is  greater  than  that  of  the  average 
represented  by  that  at  station  1.  So  defining 


E 


(35) 


and  using  It  in  equation  (32)  yield 


Then 


introducing  the  stator  angle  a  j. 


Stage-Efficiency  Characteristics 

Using  the  method  Just  described  for  obtain¬ 
ing  turbine  efficiency  for  given  diagram  param¬ 
eters,  the  stage-efficiency  characteristics  were 
first  computed  over  the  range  of  A  of  interest 
(0  -  1.00)  considering  the  other  parameters  con¬ 
stant.  The  value  of  K  was  selected  as  0,4  since 
this  value  yielded  analytical  efficiencies  that 
chocked  closely  the  experimental  efficiencies 
obtained  in  the  Transonic  Turbine  Program  con¬ 
ducted  at  the  laboratory  [see  (2),  e.  g.]  .  The 
stator-exit  a.ngle  a  i,  Reynolds  number  Re,  and 
exit  axial  energy  parameter  E  were  selected  at 
representative  values  of  70°,  lO^,  and  1.0  re¬ 
spectively. 
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Fig.  6  Effect  of  Re,  and  E  on  efficiency 
at'X  =1.0,  K  =  0.4 


The  results  of  these  calculations  are  shown 
in  Pig. 5  where  stage  efficiency  Is  presented  as 
a  function  of  the  stage  speed-work  parameter  A  . 
Considering  first  the  total  efficiency  »[  ,  It  is 
seen  that  at  high  values  of  X  ,  *(  Is  quite 
high,  0.88  or  greater  at  values  of  A  between 
0,80  and  1.00.  As  X  Is  reduced  to  0.50  (the 
limiting  value  for  zero  exit  whirl)  '’I  reduces 
to  approximately  0,84.  In  this  range  (0.50 <  A  < 
1.00)  the  Intermediate-stage  curve  coincides  with 
the  first-stage  curve  since  their  respective 
stators  are  Identical.  At  ■A  »  0.50  a  break  In 
the  curve  Is  seen  tc  occur  and  results  from  the 
change  fro.T.  zero  exit  whlil  conultlcns  to  that 
of  Impulse.  Then  as  A  Is  reduced  below  O.50, 
two  curves  form,  the  solid  line  representing  a 
first  or  single  stage,  and  the  dashed  line  repre¬ 
senting  an  Intermediate  or  last  stage.  The 
single-stage  curve  Is  seen  to  reduce  In  value  as 
\  Is  reduced  below  0.50  with  becoming  0.75 
at  A  =  0.20.  As  A  Is  further  reduced,  ^  drops 
off  very  markedly,  reaching  0  at  A  »  0.  As  A  Is 
reduced  below  O.50,  for  the  Intermediate  stage 
starts  to  deviate  downward  considerably  frcra  the 
single-stage  curve,  being  approximately  5  points 
lower  at  A  =  0.20,  This  difference  In  effi¬ 
ciency  Is,  of  course,  due  to  the  Intermediate 
stators  becoming  considerably  different  from 
those  of  the  first  stage,  having  considerably 
more  turning  and  lower  reaction. 

The  stage  static-efficiency  characteristics 
are  also  shown  In  the  figure.  The  general  trends 
with  A  are  similar  but  at  a  lower  level.  This 


Fig.  7  Multistage  turbine  static-efficiency  characteristics  as  a 
function  of  over-all  speed-work  parameter 


of  course  Is  due  to  the  leaving  kinetic  energy 
being  considered  a  loss.  The  degree  of  differ¬ 
ence  is  however  considerably  different  for  the 
zero  exit  whirl  case  as  compared. tc  that  cf  Im¬ 
pulse.  In  the  range  O.5OI  A  f-  1.00  the  efficiency 
difference  Is  5  to  8  points.  In  the  Impulse  range 
as  A  Is  reduced  considerably  below  0.5  this  dif¬ 
ference  becomes  much  larger,  being,  for  example, 

17  points  at  A  =  0.20  (single-stage  case). 

This  increasing  difference  Is  due  to  the  increased 
required  negative  exit  whirl  out  cf  the  stage. 

The  effect  of  Independently  varying  the 
Reynolds  number,  stator-exlt  angle,  and  stage- 
exit  axial-klnetic-energy  loss  parameter  on  effi¬ 
ciency  Is  shown  in  Pig, 6  for  the  case  of  the 
single-stage  A  values  of  0.25,  O.5O,  and  1.00. 

Die  solid  vertical  line  in  the  figure  represents 
the  so-called  base  values  of  10°,  70°,  and  1, 
respectively,  such  that  the  efficiency  character¬ 
istics  shown  on  this  line  coincide  with  those  of 
Pig. 5. 

The  variation  in  stage  efficiency  with  Re 
Is  shown  over  a  range  from  10*^  to  lo”^  and  shown 
for  all  parts  of  the  figure  a  gradual  reduction 
In  both  total  and  static  efficiency  as  Re  Is  re¬ 
duced.  This  of  course  occurs  because  of  the 
Reynolds  number  effect  Included  In  equation  (24) 
fer  term  A. 

The  effect  of  statcr-exlt  angle  a  on  stage 
efficiency  Is  shown  over  a  range  from  60  to  80 
deg.  It  can  be  seen  that  for  all  A  -values  con¬ 
sidered  the  maximum  total  efficiency  ^  occurs 
at  an  angle  on  the  order  cf  60  deg  with  curves 
flat  In  this  region.  As  the  angles  are  Increased 
beyond  70  dog,  >}  starts  tc  fall  off  markedly. 

The  Indication  of  an  optimum  angle  occurs  because 
of  the  two  counterbalancing  effects  of  the  co¬ 
tangent  angle  function  In  equation  ( ^:4)  represent¬ 
ing  the  effect  of  angle  on  the  surface  area  per 
unit  flow,  and  the  angle  functions  In  equations 
(26)  and  (30)  representing  the  effect  cf  angle 
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Fig.  8  Multistage  turbine  static-efficiency  characteristics 
as  a  function  of  over-all  blade-jet  speed  ratio 


on  the  average  kinetic  energy  level  and  therefore 
the  loss  per  \inlt  surface  area.  A  similar  optimum 
condition  Is  seen  to  occur  for  >l  g  but  shifting 
to  a  value  of  a  on  the  order  of  deg.  This 
large  shift  In  optimum  angle  occurs  because  of 
the  additional  angle  functions  In  equation  (35) 
which  reflect  In  the  effect  of  angle  on  the  stage 
axial  component  of  leaving  loss. 

The  effect  of  E  on  efficiency  Is  shown  over 
the  range  from  1  to  2.  It  Is  shown  only  for  ^ 
since  It  enters  only  In  equation  (35)  which  af¬ 
fects  this  efficiency  only.  The  efficiency  Is 
seen  to  drop  off  as  E  Is  Increased  and  of  course 
occurs  because  of  the  Increased  stage  exit  axial 
component  of  leaving  loss. 

Over-all  Efficiency  Characteristics 

In  order  to  Illustrate  the  effect  of  stage 
number  N  on  the  over-all  turbine-efficiency  char¬ 
acteristics  a  set  of  calculations  was  made  over 
a  range  of  N  from  1  to  16  using  equation  (17), 
Representative  values  of  Re,  ct  ^ .  and  E  were 
taken  at  10^,  70°,  and  2,  respectively.  The 
value  of  2  for  E  was  selected  since  In  general 
the  turblne-exlt  axial  kinetic  energy  Is  greater 
than  the  average.  The  results  of  the  calculations 
are  shown  In  Pig. 7,  where  the  over-all  static  ef¬ 
ficiency  'J^g  Is  presented  as  a  function  of  the 
over-all  speed-work  parameter  -1  over  the  range 
of  stage  number  considered.  The  plot  Is  presented 
on  a  log-log  basis  In  order  tc  separate  the 
curves  adequately  In  the  16w  A  range.  An  addi¬ 
tional  reason  for  plotting  the  curves  on  this 
basis  will  be  described  later. 

Inspection  of  Fig. 7  shows  that  for  a  given 
number  of  stages  N  the  trend  of  with  A  is 

essentially  the  same  as  that  on  a  stage  basis 
(compare  with  Plg.5) .  The  curves,  however,  are 
displaced  toward  lower  A  -values  as  the  number 
of  stages  Is  Increased.  This  occurs,  cf  course. 


MEASURED  EFFICIENCY 

Fig.  9  Comparison  between  experimental  and  computed  effi¬ 
ciency 


because  of  the  attainment  of  similar  A -values 
and  therefore  comparable  levels  of  ^g  at  the 
lower  A  values  when  the  additional  stages  are 
used.  It  can  also  be  seen  that  In  the  high  A  - 
range  (0.25 i  A  <1.00)  only  one  or  two  stages 
are  necessary  for  high  efficiency.  As  \  Is  re¬ 
duced  below  this  range.  Increased  number  of  stages 
are  required  In  order  to  keep  the  efficiency  at 
a  reasonable  level.  The  dashed  line  shows  the 
envelope  of  maximum  occurs  at  the  point 

where  A  =  1.00.  Prom  this  It  follows  that  at 
this  maximum  efficiency  point  N  =  l/A  from 
equation  (8). 

As  pointed  out  In  the  development  section, 
another  parameter,  the  blade  Jet  speed  ratio  v  , 

Is  commonly  used  for  correlating  efficiency. 

This  parameter  Is  more  meaningful  from  an  opera¬ 
tional  standpoint  In  that  the  operating  condi¬ 
tions,  turbine  speed  and  pressure  ratio  (uniquely 
sp_eolfylng  v  )  ,  are  Imposed  with  efficiency  and 
A  being _dependent.  Since  a  relation  between 
A  and  Is  established  In  Pig. 7,  a  relation 

between  ^g  and  v  can  be  obtained  by  using 
equation  (12)  .  Also  from  this  equation  It  can 
be  seen  that  V  Is  a  function  of  the  product  ^ • 
Therefore  a  line  of  constant  v  on  Pig. 7  repre¬ 
sents  a  curve  of  constant  '^g  A  .  Since  the  plot 
shown  Is  on  a  log-log  basis,  such  a  curve  would 
be  a  straight  line  at  a  slope  of  -1.  One  such 
line  Is  shown  In  the  figure,  that  at  V  =  0,2. 

It  can  be  seen  that,  to  achieve  a  given 
Increase  In  efficiency,  a  larger  number  of  stages 
Is  required  at  a  constant  v  than  at  a  constant 
A  .  This  occurs  because.  If  one  considers  a 
constant  blade  _speed,  an  Increase  In  efficiency 
at  a  constant  A  means  at  a  constant  actual  speci¬ 
fic  work.  On  the  other  hand,  at  a  constant  V 
with  constant  speed,  the  Increase  In  efficiency 


occurs  at  a  consteint  ideal  specific  work.  As  a 
result,  the  actual  specific  work  increases,  re¬ 
quiring  the  additional  stages  to  yield  the  same 
increment  in  efficiency. 

The  efficiency  characteristics  in  Fig.?  are 
replotted  in  Pig. 8  as  a  function  of  this  blade- 
jet  speed  ratio.  At  V  =  0,2  the  correspondence 
in  with  that  of  the  previous  figure  can  be 

noted. 

COMPARISON  WITH  EXPERIMENT 

The  method  described  in  this  j^aper  was  used 
to  compute  the  design  efficiency  of  a  nimber  of 
turbines  that  have  been  investigated  experimental¬ 
ly  at  the  laboratory  in  recent  years.  These  tur¬ 
bines  covered  the  following  range  of  the  diagram 
parameters  used  in  this  paper; 

Re  Sxio'^  -  4.6x10^ 

01  1  55°  -  80° 

E  1.3  -  1.8 

A  0.06  -  0.97 
N  1-3 

A  comparison  of  the  experimentally  obtained 
efficiencies  with  those  predicted  is  presented 
in  Pig. 9  where  computed  efficiency  is  shown  plot¬ 
ted  against  that  measured.  Both  total  and  static 
efficiencies  are  shown  since  some  of  these  tur¬ 
bines  were  of  the  turbojet  type  where  total  effi¬ 
ciency  was  measured,  and  others  were  of  the  turbo¬ 
pump  and  APU  type  where  static  efficiency  was 
considered  of  most  Importance.  From  the  figure 
it  can  be  concluded  that  a  reasonable  agreement 
between  the  experimental  and  computed  efficiency 
was  obtained, 

CONCLUDING  REMARKS 

This  paper  has  presented  the  development  of 
equations  to  be  used  in  calculating  the  efficiency 
characteristics  of  axial-flow  turbines  in  terms 
of  their  velocity  diagram  parameters.  The  check 
with  available  experimental  data  showed  that  the 
method  was  reasonably  accurate  in  establishing 
this  level.  It  might  be  noted  again  that  the 
efficiency  level  is  also  a  function  of  the  design 
of  the  blading  to  meet  these  selected  velocity 


diagrams.  The  vaD.ue  of  K  selected  was  based  on 
the  performance  of  a  turbine  that  had  reasonably 
good  surface  velocity  distributions  with  a  re¬ 
sulting  near-optimum  solidity,  close  running  and 
tip  clearances,  and  small  trailing  edge  block¬ 
ages.  The  value  of  K  would  certainly  become 
higher  if  the  solidities  and  velocity  distribu¬ 
tions  were  nonoptimimi,  or  if  excessive  running 
and  tip  clearances  or  large  tralllng-edge  block¬ 
ages  were  used.  Such  considerations  should  also 
be  considered  in  the  final  selection  of  the  de¬ 
sign  efficiency  level. 

Finally,  the  method  described  has  been  pro¬ 
grammed  for  the  IBM  704  computer  at  the  labora¬ 
tory.  Anyone  wishing  a  copy  of  this  program  or 
information  on  the  programming  method  can  feel 
free  to  contact  the  author. 
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